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Recap - last lecture

• The De Laval Nozzle and transonic flows

• Can achieve a sonic transition at extremum of A
• Existence of “critical point” allows us to determine structure of flow



This Lecture

• Other important “critical point” problem…
• Spherical accretion and winds
• Importance of accretion and winds!
• Analysis of spherical accretion problem
• Role of critical (sonic) point
• Isothermal and polytropic cases
• Unifying descriptions of accretion flows and winds

• By end of this lecture, you can do…
• All of Examples Sheet 1 and 2
• Example Sheet 3, Q1-4, Q9 



G.4 : Spherical Accretion 

Consider spherically symmetric flow 
of matter in gravitational potential of 
point-like central body.   Assume:
• Gas at rest at infinity
• Flow is in steady state
• Barotropic equation of state
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Mass conservation:

Momentum eq (steady state):

⇒



So

Thus there is a critical point where

and either a) u has an extremum, or 
b) u = cs
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Example : Isothermal accretion case

So the flow passes through a sonic point ! = #$ at location % = %$ = &'/2#$*.
Use Bernoulli to compare flow at sonic point with a general point:



Look at some limits…

Since we can relate !" to !#, we can use properties at sonic radius to determine 
the mass accretion rate

(free fall speed once r<<rs)

(uniquely determined by conditions 
in the medium at infinity)



Simulating Bondi accretion

Curtis & Sijacki, 2015



Simulating Bondi accretion

rs

Curtis & Sijacki, 2015

rs



Example :  Polytropic accretion case

Comparing sonic radius to general point, Bernoulli gives:

So taking this to infinity,  we can relate sound speed at sonic point at infinity…

rs =
GM

2c2s
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Can now derive accretion rate…

Same form as isothermal case (just different pre-factor).
Recover the isothermal case by taking limit ! → ∞.
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Notes:
1. Dependence of accretion rate on mass of object

• If initial mass is M0 and it accretes like this for time t, then we can integrate to get

• In reality, the accretion rate will become limited by fuel supply and/or the Eddington limit 
(which has ̇" ∝ ", so exponential growth).

Ṁ = AM2
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2. Dependence of accretion rate on reservoir properties: 

• Much higher accretion rates from colder material.

Ṁ / ⇢1
c31

/ p1
c51
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E.g. old model for “Ultra Luminous X-ray 
Sources” (ULXs)…  rouge intermediate-
mass black hole entering into a cold 
molecular cloud and undergoing Bondi 
accretion.

(Now know that at least some of these 
sources are neutron stars that are 
accreting at super-Eddington rates from a 
companion star.)



3. The n=3/2 is a singular case:

• Sonic point goes to origin, with infinite sound speed and density

• But accretion rate remains finite

Ṁ =
⇡(GM)2⇢1

c3s,1

✓
n

n� 3
2

◆n�3/2

! ⇡(GM)2⇢1
c3s,1

as n ! 3

2

<latexit sha1_base64="/5iQHRJEoVWIt0zLXo9idXjtU+M="></latexit>

c2s =

✓
n

n� 3
2

◆
c2s,1

<latexit sha1_base64="F/8Y+vOQomz9YBCJPkQf1uiB/P0="></latexit>

, ⇢s =

✓
n

n� 3
2

◆n

⇢1

<latexit sha1_base64="uUtPqc/z0rklatlk9jqSSmhxfQk="></latexit>

rs =
GM

2c2s
! 0 as n ! 3

2

<latexit sha1_base64="UzVX12Tp8nEVf5AqMtYwNcKdvrY="></latexit>



4. Can extend (with less rigor) to the case of the mass moving at speed !"
through a uniform medium.  Accretion rate 

Beckmann et al. (2018)
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5. Due to importance of critical point, the nature of the accretion flow can be 
strongly affected by even modest departures from assumptions, e.g.
• Non-zero angular momentum of the incoming gas
• Magnetic fields



Sgr A*, from stellar winds to the black hole

Ressler et al. (2020a,b)





Russell et al. (2018)





6. Same basic theory can be used to describe thermally driven wind; called the 
Parker Wind solution.
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