M. Pettini: Structure and Evolution of Stars

EXERCISES: Set 2 of 4

Q1: In 1994 a new bright star was found, Nova Sco 1994. It turned out
that it was a sudden brightening of an X-ray binary in which an F star
is orbiting a compact, unseen, object. The mass function of the unseen
companion is defined as

(M, sinz)3

(My + My)?’

and can be estimated from the radial velocity amplitude of the F star vs,
the binary period P, and the inclination of the plane of the orbit to the
line of sight, sini. The mass function has the units of mass, and is the
minimum mass of the companion should the star for which we have orbital
information be a test particle (or effectively massless). When additional
information is available about the mass of the star with the orbital infor-
mation, more accurate estimates of the companion mass can be obtained.

f(My, M2) =

(i) Derive the formula giving the mass function of the unseen companion
in terms of vy, P and sin, assuming that the orbit is circular.

(i) The Figure below shows the observed wavelength of the Fe 11 A\6485.10
line as function of the orbital period.

Nova Sco 1994

Wavelength (R)
6479.5 6482 6484.5 6487

6477

Binary phase

Justify the assumption that the orbit is circular using the data shown in
the Figure, and deduce the value of v3. Why is the mean wavelength of
the Fe line not equal to its laboratory wavelength?
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(iil) When the system returns to quiescence, the light of the binary system
is dominated by the F-type star. In such close binaries, the stars become
deformed by the gravitational pull of the companion. This leads to their
projected surface on the sky—and therefore the total brightness—varying
with the orbital period. From such variations, the orbital inclination can
be deduced. In the case shown here, i ~ 70° and P = 2.62days. From
these parameters, determine the value of the mass function.

(iv) Knowing that the mass of an F-type star is My ~ 2.4 M, deduce M.
It is generally thought that in X-ray binaries where the mass of the unseen
companion is M; 2 3Mg, the compact object is likely to be a black hole.
Is the unseen companion in Nova Sco 1994 a black hole?

Q2: The gas density within a star decreases from the centre to the surface
as a function of radial distance r according to

e
=g, 1= (=
o) =r.1-(3) ]
where p. is the core density and R is the star’s radius.
i) Find m(r).
ii) Derive the relation between the total mass of the star M and R.

(

(

iii) What is the average density of the star in units of the core density p.?
g P

(

iv) The gravitational potential energy of a star of mass M and radius R

is given by: )
GM

U, =
g aR

where « is a constant of order unity determined by the distribution of
matter within the star.

Find the value of « for the density profile given above.



Q3: The Lorentz profile:

L
by = 47; 2
r
(v =) + (45)
describes the ‘natural” broadening of an absorption line due to the inher-
ent widths of the energy levels between which the atomic transition takes
place following the absorption of a photon of rest frequency vg. In the
above expression I' = 1/At is the radiative damping constant, inversely
proportional to the mean lifetime Af of the excited energy level to which
absorption takes place.

(i) Show the the full width at half maximum of a Lorentzian line profile is
Avpwyy = T'/2m.

(i) At what interval in units of I'/47 (in other words, in units of the half-
width at half maximum) from the rest frequency does the Lorentz profile
have a value of 1% of its central intensity?

(ili) Thermal broadening is described by a Gaussian distribution. For a
Gaussian distribution with the same FWHM as the Lorentz profile, what
is the probability of absorption at the same Av from the line centre as in
part (ii)?

Q4: The temperature dependence of energy generation by the triple-alpha

process is:
Ezo = koTy Se~ M/

where Tg is the temperature in units of 108 K and kg is a constant.

(i) By considering the energy generation near Tg = 1 to scale as £(T") =
ki Ty, show that: &, = koT3, where ki and ky are constants.

(i) Calculate the change in energy output resulting from a 10% change in
temperature.



Q5:  An eclipsing-binary system has a parallax of 0.1arcsec (with negli-
gible error) and consists of two solar-type stars with a semi-major axis of
500Re. The period is known very accurately.

(i) What is the angular size of each of the stars and of the semi-major
axis? If you can measure angles on the sky with a 1o rms accuracy
of 0.01 arcsec, what is the percentage accuracy of the measurement of
the semi-major axis and of the radius of each star ?

(ii) Assume that the stars emit as blackbodies:

2hv3 i
F,(T) = 2 oKl _ 1’

where v is the frequency is Hz, with an effective temperature Tog ~
5800 K. If you measure the flux ratio between logr = 14.0 and 15.0
with an accuracy of 10%, with what precision can you determine the
value of Tog?

(iii) If we now include an error in the measurement of the parallax of
on = 0.01 arcsec, what is the percentage accuracy in the mass of the
system?

Q6: In a certain temperature regime, the p-p chain can be approximated
by the following four reactions:

H + 'H — 2H +8* +v,
H + 2H — 3He +v,
3He + 4He — 7Li,
Li + 'H — “He +%He .

(i) Write down the rate equations for the abundances Ny, Ny, N3, Ny, and
N7 of the five nuclear species involved in terms of the rates r1, 712, T34,
and 717 of the four reactions.

(i) If °H, *He and "Li are all in transient equilibrium, show that the equa-
tions can be simplified to

Ny = —4r;1 Nt Ny = N7,
and find equations for the equilibrium abundances of the other species.

(iii) At lower temperatures, the last two reactions in the chain are replaced
by the single reaction:



SHe + ®He — ‘He + 2 'H

Making equivalent assumptions about transient equilibrium, show that the
corresponding simplified rate equations are:

. T |
Ny = <3ry N2, Ny = §7~11N12.

(iv) What is the underlying reason why these differ from the previous equa-
tions by a factor of 27

Q7(i): Two early-type stars in the same cluster start their lives on the
H-burning main sequence with the same mass: My(A) = My(B) = 5 M,
Star A is single. Star B is a member of a binary system and throughout
its life on the main sequence loses mass to a compact companion at an
average rate M = 1 x 1078M,, yr~!. Which of the two stars do you think
will leave the main sequence first and why?

Q7(ii): An astronomer armed with a photometer and two broad-band fil-
ters, V and B, measures the following magnitudes for two stars in the
constellation of Pegasus: my(aPeg) = 2.45, mp(aPeg) = 2.45; and
my (B Peg) = 2.40, mp(B Peg) = 4.04. On the basis of this information
alone, which of the two stars would you consider more likely to be the
closer one to the Sun? What other information would you require to defi-
nitely establish which is closer?

Q8: Using the tabulation of solar photospheric abundances by Asplund
et al. 2009 (ARAA, 47, 481) on the next page calculate the mass
fractions of H, He, C, N, O, and Ne in the Sun.



Table 1:

Element abundances

in the present-day solar

photosphere.

Also given are the corresponding values for CI carbonaceous chondrites
(Lodders, Palme & Gail 2009). Indirect photospheric estimates have been used
for the noble gases (Sect. 3.9).

Elem. Photosphere  Meteorites | Elem. Photosphere Meteorites
1 H 12.00 8.224+0.04 | 44 Ru 1.756+£0.08 1.76 £ 0.03
2 He [10.93 + 0.01) 1.29 45 Rh 0.91+0.10 1.06 +0.04
3 Li 1.056+0.10 3.26+0.05 | 46 Pd 1.57+0.10 1.65+0.02
4 Be 1.384+0.09 1.30+£0.03 | 47 Ag 0.94+0.10 1.204+0.02
5 B 270+020 2.79+£0.04 |48 Cd 171 = 0:03
6 C 843+0.06 7.39+£004 |49 In 0.804+:0.20 0.76 £0.03
7 N 7.83+0.05 06.26+£0.06 |50 Sn 2.04+0.10 2.07+0.06
8 O 8.60+0.05 840+0.04 | 51 Sb 1.01 +£0.06
9 F 456 +£0.30 4.42+0.06 | 52 Te 2.18 £0.03
10 Ne (7.93 £ 0.10] -1.12 53 1 1.55 £ 0.08
11 Na 6.24 +0.04 6.27+£0.02 |54 Xe [2.24 = 0.06] —1.95
12 Mg 7.60+0.04 7.53+£0.01 55 Cs 1.08 +0.02
13 Al 6.45+0.03 6.43+£0.01 |5 Ba 2.18+0.09 2.18+0.03
14 Si 7.514+0.03 7.51+£0.01 |57 La 1.10+0.04 1.17+0.02
15 P 541+0.03 543+£0.04 |58 Ce 1.58£0.04 1.58 =0.02
16 S 7.12+0.03 7.15+£0.02 |59 Pr 0.724+0.04 0.76 +0.03
17 Cl 5.504+0.30 5.23+£0.06 |60 Nd 1.42+0.04 1.45+0.02
18 Ar (6.40 4 0.13] —0.50 62 Sm 0.96 £0.04 0.9440.02
19 K 5.03 +0.09 5.08+0.02 | 63 Eu 0.562+£0.04 0.51+0.02
20 Ca 6.34 +£0.04 6.29 +£0.02 | 64 Gd 1.07 £0.04 1.05 £ 0.02
21 Se 3.15+0.04 3.06+002 |65 Tb 0.30£0.10 0.324+0.03
22 Ti 495+0.05 4.91+0.03 |66 Dy 1.10£0.04 1.134+0.02
23V 3.93+0.08 3.96£0.02 |67 Ho 0.48£0.11 0.47+0.03
24 Cr 5.644+0.04 564+£001 |68 Er 0.92+£0.05 0.924+0.02
25 Mn 543+0.056 548+£0.01 |69 Tm 0.10£0.04 0.124+0.03
26 Fe 7.50+0.04 745+£0.01 |70 Yb 0.84£0.11 0.9240.02
27 Co 499+0.07 4.87+£001 |71 Lu 0.10£0.09  0.09 4+0.02
28 Ni 6.224+0.04 6.20x£0.01 |72 Hf 0.85£0.04 0.711+0.02
29 Cu 419+0.04 425+004 |73 Ta -0.12 £ 0.04
30 Zn 456005 463004 |74 W 0.85£0.12  0.65+0.04
31 Ga 3.04+£009 3.08+002 |7 Re 0.26 £0.04
32 Ge 365+0.10 3584004 |76 Os 1.40 £0.08 1.35+£0.03
33 As 230004 |77 In 1.38+£0.07 1.32+£0.02
34 Se 3.34+003 |78 Pt 1.62 +0.03
35 Br 2.54+0.06 | 79 Au 0.92+0.10 0.80 £0.04
36 Kr [3.25 £ 0.06] —2.27 80 Hg 1.17£0.08
37 Rb 2524010 236=£0.03 |81 Tl 0.90+£020 0.77+£0.03
38 Sr 2.87+0.07 2.838+003|82 Pb 1.7 +0.10 2.04+0.03
39 Y 221005 2.17+0.04 |83 Bi 0.65 £0.04
40 Zr 258 +0.04 2.53+0.04 |90 Th 0.02+0.10 0.06£0.03
41 Nb 146 £0.04 141400492 U -0.54 4+ 0.03
42 Mo 1.88+0.08 1.944+0.04

Figure 6.13: The most recent compilation of solar element abundances by Asplund,

Grevesse, Sauval, & Scott, P. 2009, ARAA, 47, 481.
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